Integration by Substitutions

8. INTEGRATION BY SUBSTITUTIONS

1. Integration by Substitution — the main idea

One of the very powerful method for finding integrals analytically
is the method of substitution. There are many different substitutions
that are very useful for evaluating integrals. Some of the most
important substitutions will be presented in the next chapters too.

The main aim of substitution using is to find a new integral
equivalent to the given one that is easier to evaluate.

The idea is to change the independent variable x in the integral

jf(x)dx to a new variable t by means of a simple connecting
formula x = ¢(t). If follows from this formula that:
(X) =[@(t)] = Ldx=g'(t)dt and f[o(t)].
Consequently, If(x)dx:jf[(p(t)}(p'(t)dt which is hopefully

simple to evaluate.
Sometimes is better to use substitution t =y (x).

Algorithm for evaluating the integral I f (x)dx by substitution.

Step 1. Definite the best substitution formula depending on you
problem.
Step 2. Substitute t for x in the integrand, calculate dx from the

substitution formula and find a new integral I f [(p(t)].(p' (t)dt.

Step 3. Evaluate the new integral.
Step 4. Transform the answer F (t)to the variable x.

Maple commands.
>1z=1nt(fF,x);
>Int(f,x);
evaluating the integral of the function ¥ and X is a variable;
>with(student) :changevar(x=t"2,1);
substituting the variable t for x with a formula (in this example
x =t) in the integral 1.
>11:=value(%);




Integration by Substitutions

evaluating the last result (integral) that is written in our Maple
program.

Example. Evaluate the integral

_J‘ dx

2(x+1)Vx

Mathematical Solution.

The substitution is v/x =t >0 = x =t% = dx = 2tdt. Then

IO:I 2t =j zdt :arctgt+C:arctg\/§+C.
2(t2+1)t t? +1

Solution with_Maple.
>10:=int(L/(2*(X+1)*sgrt(x)),x);

10 :=arctg (\/;)

Detailed Solution with Maple.

1) definite the integral into the program STUDENT:
>with(student):
>10:=Int(L/(2*(X+1)*sgrt(x)),x);

_ 1
IO'_IZ(X+1)&dX

2) substitute t? for x:
>changevar(x=t"2,10);

J‘ 2t it
2(t2 + 1)Vt
3) evaluate the new integral:
>10:=value(%);
tarctan(t)
IO =
V2

4) go back to the variable x:
>10:=subs(t=sqrt(x), 10);

Iy = arctan(\&)

Example. Evaluate the integral
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- dx

1~ D i
XV X% —4

Mathematical Solution.

The substitution is {x = % = dx = —t—z dt} Then

Xy X2 — 4 . 41t

2

'1=I—( )dt L,
41—\ t? 2) i ¢

= —larcsint +C= —larcsing+ C.
2 2 X

Detailed Solution with Maple.

>restart: with(student):
>11:=Int(L/(X*sqrte(x"2-4)),x):
>changevar(x=2/t,11); l11l:=value(%);
>11:=subs(t=2/x,11);

11:= —larcsin(gj.
2 X

Example. Evaluate the integral
3x
dx

|, =
i \/le

Mathematical Solution.
The substitution is {\/1—ex =t>0} because to make free the

integral function from it.
Then x:ln(l—tz):dx: —

1-t
3In(1—t2)

3
2
e —2t (1_t )
|, = = dt=—-2 dt =
? ,[ t 11—t jl—tz
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:—Zj(l—t2>2 dt:—Z(t—2§+§]+C -
:_2[\/1—7—2(@)3%(\/1—7)5}0

Detailed Solution with Maple.
>restart:with(student):
>12:=Int(exp(3*x)/sqrt(l-exp(x)),x);
>changevar(sqrt(l-exp(x))=t,12);
>12:=value(%);
>12:=subs(t=sqrt(l-exp(x)),12);

12 := 21— ¢ —%(1—ex)(5/2) +%(1—ex)(3/2).

Example. Evaluate the integral

2SIN X.COS X
|3: 4 dX.
cos  x—1

Mathematical Solution.
The substitution is {0032 X = t}. Then dt = 2cos x.(—sinx)dx.

|, = —jtzdt = —arct gt + C = arctg (c032 x) +C

Detailed Solution with Maple.
>restart:with(student):
>13:=Int(2*sin(x)*cos(x)/(cos(x)™4-1),X);
>changevar (cos(x)"2=t, 13);

>13:=value(%);

>13:=subs(t=cos(x)"2,13);

13:= arctanh(cos(x)z).

Example. Evaluate the integral
sin¥/xdx

|4: W
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Mathematical Solution.
The substitution is {i‘/? - t} .Then x =t* dx = 4t3dt =

: 3
I, :jw=4jsintdt:—4cost+C=

t3
=—4cos¥x +C.
Detailed Solution with Maple.
>restart:with(student):
>S14:=Int(sin(x™N(1/74))/(xX)™(3/4) ,X);
>changevar(x™(1/74)=t,14); 14:=value(%);
>14:=subs(t=x*(1/4),14);

14 := —4cos(x(1/4)).

There will be presented substitutions for evaluating the next kind
of integrals:

3 = |;/|X+N dx.
J ax“ +bx+c

3, = Mx+ N dx.
J Jax? +bx+c

It follows from

, ( b jz ¢ b2
ax“+bx+c=|| x+—| +| ———
2a a 43’

that the substitution is x+£=t or x=t—£ and dx =dt.
2a 2a

Example. Evaluate the integral

2X—2
I. = dx .
> Ix2—2x+2
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Mathematical Solution.
The substitution is {x—1=t}. Then x* —2x+2=t*+1 and

2(t+1)—2 2t 1 2
=] —————dt=| ——dt= d(t +1)=
° j t? +1 jt2+1 jt2+1 ( )

:In‘t2+1‘+C:In‘x2—2x+2‘+C.

Detailed Solution with Maple.
>restart:with(student):

>15:=Int((2*x-2)/ (X"2-2*%x+2) ,X) ;
>changevar(x-1=t,15); I15:=value(%);
>15:=subs(t=x-1,15);

15:=In((x~1)? +1]

>simplify(15);
I5:=In(x2—2x+2).

Example. Evaluate the integral

I_J’ dx
° X2 +4X+8

Mathematical Solution.
The substitution is {x+2 =t}. Then x* +4x+8=t+4 and

dt 1 t 1 X+ 2
s Itz 2 2arctg 5 +C 2arctg( > j+C.
Detailed Solution with Maple.
>restart:with(student):

>16:=Int(L/ (xX"2+4*x+8) ,X) ;
>changevar(x+2=t,16); 16:=value(%);
>16:=subs(t=x+2,16);

I6::1arctan(1x+lj.
2 2

Example. Evaluate the integral
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3x -1
|, =] ———dx.
! sz +4X+5

Mathematical Solution.
The substitution is {x+2=t}. Then x* +4x+5=t* +1 and

3t—7 t dt
I, = dt =3 dt -7 =
! jt2+l jt2+1 jt2+1

3 1 2
= — d(t- +1)—7arctgt =
2!t2+1 ( ) :

=gln‘t2 +1‘—7arctgt +C =

:gln‘x2 +4x+5‘—7arctg(x+2)+C.

Detailed Solution with Maple.
>restart:with(student):
>17:=Int((3*X-1)/(X"2+4*x+5) ,X) ;
>simplify(changevar(x+2=t,17));
>17:=value(%);
>17:=simplify(subs(t=x+2,17));

17 ::gln(x2 +4x+5)—7arctg(x+2).

Example. Evaluate the integral

I_J‘ 7 —8x d
S ) ox2_3x+1

Mathematical Solution.

The substitution is {x—% :t}. Then 2x% —3x+1= 2(t2 —%)

|8=3j 1-8t dt:—BI 8t2_1 dt =
2 tz_jL 16t° —1

16
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. dt—8.4j 4 dt-
J(ar)? -1 (4t)? -1

[ 1
J(4t)* -1
4t -1
4t +1
=In|4t —1] - In|4t +1] - 2In|4t -1 - 2In|4t +1|+ C =
=—In|4t—1]-3In|4t +1|+ C =
=—In|4x—4|-3In|4x-2|+C =
=—In4-In|x-1-3In2-3In|2x-1|+C =
=-5In2—-In|x-1 -3In|2x -1+ C =.

1

2
—dt? =
16t> -1

d (4t)—3zj

—~In 2In‘16t —1‘+c_

Detailed Solution with Maple.
>restart:with(student):
>18:=Int((7-8*x)/(2*x"2-3*x+1) ,X);
>18:=simplify(changevar(x-374=t,18));
>18:=value(%);
>18:=simplify(subs(t=x-374,18));
18:=—-5In(2)-3In(2x-1)—In(x-1).

Example. Evaluate the integral
2X—2

|, =
o7 VX% —2X+2

Mathematical Solution.
The substitution is {x—1=t}. Then x2 _2x+2=t?>+1and

1, =I&d = —d(t +1)=

V Vt +1 V
—2t2+1+C=2Ux?-2x+2+C.

Detailed Solution with Maple.
>restart:with(student):
>19:=Int((2*x-2)/sgrt(x"2-2*x+2) ,X) ;
>19:=simplify(changevar(x-1=t,19));
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>19:=value(%) ;
>19:=simplify(subs(t=x-1,19));

19 :=24/X% = 2X + 2

Example. Evaluate the integral

J9+ 6x —3x2
Mathematical Solution.

The substitution is {x - 1:t}. Then 9+ 6x — 3x° :3(4—t2) and

2 .t
:_ﬁj—d 4—t*)——arcsin—+C =
24—t (4= V3 2

=—, (4—t2> —%arcsin%+c =

9+ 6x-3x2 -2 arcsin* L.
J3 2

Detailed Solution with Maple.
>restart:with(student):
>110:=Int((3*x-5)/sgrt(9+6*x-3*x"2) ,X) ;
>110:=simplify(changevar(x-1=t, 110));
>110:=value(®);
>110:=simplify(subs(t=x-1,110));

HO::—gdgmtﬁn(;x—Ej J9+6x 3x°

.3. Selftraining Problems

Evaluate by substitutions the next integrals:
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2X
e
I, = dx
11 ’
e 19

1 e2X
Answer. |, :—arctg[ 3 )+C ,

e

Answer. 1y, :Eln‘\/;—l‘ +C

substitution x =a(1-t),

dx
|15 Zj—’
V2ax — x?

a—X
Answer. |3 =+arccos——+C

a
X
|14:J‘e)(4+1dX,
e” -1
2
Answer. I4:In(ex —1) —x+C.
j A% +3
2x* +2x+1 '
Answer. |,z =In|x +x+% +arctg(2x+1)+C
J‘ 2X
x* +4x+5
Answer. I16:In‘x +4x+5‘—9arctg(x+2)+c
J' X+1
3x2+6x+2 ’
Answer. I17:—Inx +2x+2 +C,

J‘ X+ 2
3x2 +6x+2

10
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X%+ 2X +

2| 1
— +ﬁarctg(\@x+\/§)+c

Answer. |;g =%In
x-1

lig= | ———dx

0 IZX—SXZ

Answer. |;q = —%In

+£In 3 +C
2

2
X__
3

I 2X—4
20 =
\/x +3Xx+5

Answer. I, = 2v/x* +3x+5-7In

x+§+\/x2+3x+5 +C

2X+3

|21_
VXx? +3x+5
Answer. 1, =vx? +3x+5+C

I 4X + 2
22 =
\/Zx —x+1

x——+\/2x -X+1

+C

dx
lp3 = > ’
VX°—4x-3
Answer. | ,, = In‘x+2+\/x2 —4x—3‘+C

Evaluate the integrals:

L cos ¥/ xdx
28 =\ 7 o5

11



Integration by Substitutions

" sindxdx
55 = IR
J cos"2x+4
[ sin2xdx

6 = '

Q
O
o
w
SN

>
_|_
=

bsz T

Q
[y
o
>
|
>
N

]
|29 - —dX,

1) Explain the idea of integration by substitutions.
2) Show an example of integration by substitutions.
3) Explain the meaning of the Maple commands:

with(student), changevar(x=t"2,11),
simplify(changevar(x=t"2,11)),
111:=value(®%), 11:=subs(t=sqrt(x),11),
I11:=simplify(subs(t=sqrt(x),11)).

12



